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Overall Separation Factor in a Gas
Centrifuge Using a Purely Axial Flow Model

Juan Hu, Chuntong Ying, and Shi Zeng
Department of Engineering Physics, Tsinghua University, Beijing,
People’s Republic of China

Abstract: A unit molar weight mass difference diffusion equation was derived and
solved by the radial averaging approximation method for binary component
isotopes. There was no limit to the range of concentration value. The expression of
Yo was given for arbitrary concentrations. In addition, the analytical solution of a
purely axial flow in a gas centrifuge was obtained by a linearized motion equation
for a centrifuge. The solution was not under the condition that the speed parameter
AT 1.

Calculation examples show the distributions of different magnitudes of A% The
parameters that influence the value of vy, such as the feed flow rate, F, the product,
pD, the speed parameter, A? and the wall pressure, p,,, are discussed.

Keywords: Gas centrifuge, overall separation factor, concentration equation, purely
axial flow

INTRODUCTION

The overall separation factor for the unit molar weight difference, 7y,
presented by Chuntong Ying and Zhixing Guo (1), is an important factor to
describe the separation characteristics of a gas centrifuge. The very valuable
relationship between the separation factors and mass difference is
v; = vo" ~ ™ where v is the separation factor of a gas centrifuge between
the ith and the jth isotopes and M; is the molar weight of the ith component,
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M; is the molar weight of the jth component. The separation factor y, depends
on variables such as the flow pattern, size, operating parameters and physical
properties. Chuntong Ying and Wood et al. (2, 3) also studied variables that
influence vy, and made use of the concept of the separation power of binary
isotopes to estimate 7y, in a gas centrifuge. The dependence of flow field on
parameter A? is explicitly provided in the analytical expression of flow field
in current paper and the calculation process is also much simpler and more
convenient than the reported papers (2, 3). In addition, the overall separation
factor is derived by solving the concentration equation for any concentration.
Therefore the calculation result of the overall factor is more exact than the
estimation value obtained in the reported papers.

The distribution of the flow field must be known in order for the diffusion
equation to be solved, and thus a simplified mathematical model, called the
purely axial flow model, was established. Some scholars have investigated
this model. Berman (4) considered the radial direction variation of
temperature as the drive producing countercurrent flow in a centrifuge. The
temperature was a function of the radial coordinate only. Using this assump-
tion Berman simplified the equation of motion and obtained an integral
equation of the axial velocity. The profiles of the axial velocity, temperature
and pressure were obtained after enormous numerical integration. Unlike
Berman, Soubbaramayer (5) treated the axial direction variation of tempera-
ture as the countercurrent flow drive. A three-order differential equation of
the axial velocity was obtained after the equations of motion were linearized.
But no explicit expression was given for the axial velocity. Lotz (6) also
provided the axial temperature gradient as the countercurrent flow drive.
After the linear set of conservation equations was simplified, an integral
equation of the axial velocity was solved by a numerical method. Similar to
Soubbaramayer, Von Halle (7) provided a special supposition, which was
called the thin layer approximation, according to the characteristics of a
high peripheral speed centrifuge separating larger molecular weight
uranium isotopes. Based on the approximation, analytical solutions of the
internal flow were obtained. It is convenient to analyze separation perform-
ance with a larger value of speed parameter A% (A = MQ r)? /(2RTy).

In this paper, the diffusion equation of unit molar weight mass difference
is solved by a radial averaging approximation method for a binary isotope
mixture. There is no limit to the range of concentration value that can
be used to solve the diffusion equation. The solved expression of 7y, can
be applied to an arbitrary concentration. The analytical solution of the
purely axial flow model in a gas centrifuge, which is not under A*>> 1
conditions, is derived by reducing the linearized motion equations of the
thermal countercurrent flow for centrifuges in order to solve the diffusion
equation.

Calculation examples illustrate the influence of some parameters, such as
the feed flow rate, F, the product, pD, the speed parameter, A? and the wall
pressure, p,,, on Y,. The distributions of the axial velocity, the axial mass
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flux and the flow pattern efficiency for different magnitudes of speed
parameter A are also shown.

SOLUTION OF THE UNIT MASS DIFFERENCE
DIFFUSION EQUATION

A definition of the separation factors of a gas centrifuge between the ith and
the jth isotopes, v;;, has been given as (1)
Cip/Cjp

= 2.1
Yi Ciw/Cjw @1

In terms of paper (1), y; and 7y, have the following relationship

yij:‘yf;lij" i=1,...,n; j=1,...,n (2.2)
where M, is the molar weight of the ith component, M; is the molar weight of
the jth component, and 7, is the overall separation factor per unit molar weight
difference. From the definition of the separation factors, it is first necessary
to solve a set of concentration equations to get the product and waste
concentrations, and then finally to obtain the separation factors. If the
isotope mixture is considered as a binary component and its molar weight
difference is unit mass difference, the overall separation factor of the binary
isotope mixture is yp.

The concentration equation in a single gas centrifuge is (1)

1= y? dc;  Q*(M — M))C;
J d/—dr + 7TpD[V§ = 7( )
2@pD; Jy 1 dz RT
XJ yrdr — (P, —P*C;) i=1,2,...,n (2.3)
0

where C; is the radial averaged concentration of the ith isotope in a multicom-
ponent mixture with n components; ¢ is the stream function, ¢y = fg pV_ mrdr,
V., is the axial component of the velocity of the mixture in the gas centrifuge,
P* is the net axial flow flux of the mixture, P}7 is the net axial flow flux of the
ith component, p is the density of process gas, D; is defined as D; = Y {_; (C;/
Dy) ', and Dy is the binary diffusion coefficient. M is the average molecular
weight of the mixture, that is, M = > =1 M,C;. Now considering the binary
mixture, let C be the light component concentration. Then

2
M—M; =Y MC;—M;=AM(1 - C) (2.4)
j=1

where AM is the molar weight mass difference of the binary isotope
mixture. In the system of a binary isotope mixture, the diffusion Eq. (2.3) is
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written as

1 [ y? ,\dC  AMQ*C(1 - C)
— | = D " 7
(2’7TpD Jo r dr+ mp r”) dz RT

N «(PL
X Jo yrdr — P (F - C) (2.5)

For the reduction expression, the following dimensionless parameters are
defined

_zoo_wm. w0
T’_ra, nH_ra? nF_rav (p—ﬂ_pDra» sO—ZRTs
g Aygran® (@ dn'” 26
"R wndr JampDr, '

where, zr- is the axial location of the feed point and zj is the axial length of the
gas centrifuge. Suppose AM = 1, substituting Egs. (2.6) into (2.5) result in

dc P
(m* + l)d_’fl = g,0y/2EpmC(1 — C) — go(P—i — c) (2.7)

The above differential equation can be rewritten by

€ —aC - ) (2.8)
dn

where

g0/ 2Erm
ko =———"——
m?* +1

a=%|:(1+x)—,/(l+x)2—4£—§x:|
b=%|:(1 +x)+ /(1 +x)° —4%xi|

_ ¢
€50 2Epm

Here ko, a, b, and x have different values in the enriching and stripping
sections. With the boundary conditions given, the head and tail concentration
can be obtained by solving Eq. (2.8).

The boundary conditions are

n=np C=0GC

for the enriching section,
n=mny C=Cp

(2.9)
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n=n C=0GC

2.10

and for the stripping section,

The conditions are given based on the assumption that the feed is injected
into the internal axial flow inside the centrifuge. Here, C, is the concentration
at the point in the axial flow into which the feed is injected (Cy # Cp,
generally speaking), C, is the product concentration and C,, is the waste
concentration.

From Eqgs. (2.8)—(2.10), the variables Er and m in Eq. (2.7) in the
enriching and stripping sections are regarded as constants respectively, and
then the boundary concentration ratios of the enriching and stripping
sections are obtained as follows:

(Cp —be)(Co — a.) _
(Cp - ae)(CO - be)

(Cw - bx)(CO - as) — e_k()y(av_bx)'rh_.
(Cw - as)(CO - bs)

oelae—b)(my—mp) (2.11)

(2.12)

Where, subscript e indicates the enriching section and s indicates the stripping
section. From Egs. (2.11) and (2.12), the product concentration and the waste
concentration are solved as

Cpr — be + ae((CO — be)/(ae — CO))ekoe(af_be)(nH_nF)
P71+ ((Cy = be)/(ae — Co))ekoclae—bo)ny—nz)
Cw — as + bs((as — CO)/(CO — bs))ekm(a‘\ib‘\)np
YT T (4= C)/(Co = by)yetatebone

(2.13)

(2.14)

In a steady state, the balance equation on the net flow flux in a centrifuge is
Cr=0Cp+(1—-6)Cyw (2.15)

where 0 is the cut and Cr is the feed concentration.

From Egs. (2.13)—(2.15), the solution of the head and tail concentration,
that is, C, and C,,, is obtained with the operation parameters given in a gas
centrifuge. The overall separation factor for the unit molar weight difference,
Yo can finally be obtained:

_ Cp/(1=Cp)

Yo = m (2.16)

Equations (2.13) and (2.14) are transcendental equations, as the coefficients
a.s and b, contain the withdrawal concentration (C, and C,). The
equations are solved with a numerical method. The value of 7, solved by
Egs. (2.13)—(2.16) can be used with an arbitrary magnitude of concentration.
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A PURELY AXITAL FLOW ANALYTICAL SOLUTION
FOR ARBITRARY A?

To solve Eqgs (2.13)—(2.16), the velocity distribution in a gas centrifuge must
be known, i.e., the V or . The velocity field can be obtained in a variety of
ways, such as with the Onsager pancake model reported by Wood and Morton
(8). However, here a simplified model is used for the purpose of illustration.
The model is for a purely axial flow in a gas centrifuge, that is, the
influence of ends of a centrifuge on internal flow is ignored and the internal
flow remains only with an axial direction velocity (4—7). In this paper the
analytical solution of the model does not have to be subject to the condition
that dimensionless speed parameter A >> 1, but an arbitrary magnitude can
be given for A%

Eqg. (3.1) is obtained by eliminating the perturbation density and pressure
terms through simplifying the continuity equation, the equations of motion in
the radial and axial directions, and the state equation according to the purely
axial flow assumption, that is, V,=0, Vy=0, 9V,/oz=0. Eq (3.2)
correspond to the energy equation (ref. 7, or ref. 8).

W& (B LV _ pM®r (B2, 13V p@ral
ar\ or2 r or RT, o2 r or To 0z ’
10 oT’ 92T
O=——(r— —_— 3.2
r8r<r 8r>+ 0z? (3-2)

Where, w is the gas viscosity, () is the angular velocity of the cylinder, V_, V,
and V, are the components of velocity in the axial, radial and azimuthal
directions, p and T denote the thermodynamic variable mass density and temp-
erature. The subscript 0 indicates the isothermal solid body rotation solution,
and the superscript ' indicates the perturbations which are the deviations of the
isothermal solid body rotation solution.

The following dimensionless variables are defined [similar to (9)] as:

2 2 2
RCEPWQraszWQr“; §EA2(l—r2>; szi;

RT r T,
{vL 12 / 0 a a (33)
w= VZ ) = l
QI",, TQ

In terms of the dimensionless variables above, the purely axial flow con-
ditions indicate V,, =0, V= 0. V. is only a function of radial coordinate
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(d/d & instead of 3/9 &), and Egs. (3.1) and (3.2) can be rewritten as

d? &\ dw d &N\ dw R. ot
— | l-=)=[+=|l1-=)—=|= —— 34
¢’ [( A2> df] +d§[< A2> ai]| “sast 5 O

9 E\ ot 9t

4 (1= ) =|+==0 3.5
el (1) ] o G
According to the purely axial flow assumption, the axial velocity w is
independent of the radial coordinate. So the temperature field should be a
function of ¢ in the right-hand side of the Eq. (3.4), dt/ds = f(£). So 82t/
ds?> = 0. After integrating Eq. (3.5), the temperature field becomes t=
fi()In(1 — §/A2) + f>(s). The temperature is finite on the axis ({ = A?), so
fi(s) = 0. Let the temperature field be = h - s + B. Here, h and B are undeter-
mined constant. The temperature gradient is determined by the wall tempera-
ture, h = dt/ds = (r,/To)(dT,,/dz), where T, is the wall temperature. To

reduce Egs. (3.4) and (3.5) further, a three-order differential equation is
obtained finally as follows

d? &\ dw d Eaw| | ¢
@[(1‘1?)75}75[(1?)75}‘“ G.6)

where A = Reh/(8A6). The following boundary conditions are used for
finding three integral constants:

1) No slip on the wall condition £=0 w = 0;

dw
2) Symmetry condition £=A%.& — =0
) Sy ry & T 37)

Ya o Q 3 A%e
3) Feed condition P* = J poVo2mrdr = ”p;;z raj we € d¢
0

Te

where P* is the net axial flow flux of the gas, P* = 0 (in the total reflux case);
P* = P (the enriching section), P* = — W (the stripping section). In specify-
ing the boundary conditions, since Eq (3.6) degenerates at & = A%, condition
2) is given at £ = A% &, with & < 1. Likewise, in order to avoid the pole, the
integration in condition 3) is carried out over an interval [0, Azs], slightly
smaller than [0, AZ]. After the equation is solved, we let ¢ — 1.

Integrating Eq. (3.6) three times with respect to &, the dimensionless axial
velocity is obtained:

w= Ble§+Bin[A2<1 —A’iﬂ + Bs ln<1 —Ai> + By (3.8)

where E;(x), called the exponential integral function, is defined by E; (x) =
—f: e '/t dt (x > 0), where the principal value of the integral is taken.
The coefficients By, B, B3, and B, are independent of the radial coordinate
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¢ and Cy, Cy, and C; are integral constants:

By = —A2)\; By =A% M (AN —C,); By =—A2Ci; Bi=GC;

C) = e Ve(A2e) — )

Cs =AY\ + e VE(A2)(C, — A2N)]

Cy = M [A2N — 242642 ) + 275(—20 + AZN)] + 24N [— e ° E;(2A?)
+ M PE(—2A%(e — 1)) + e IFI(1 + e)[Ei(A?) — Ei(—A%(e — 1)]
+ e eln(1 — £)}/24%[— X P E(2A2) 4+ X P E(—2A%(e — 1))
+ 2 IHE(A%) — Ei(—A% e — D) + ¢ In(1 — &)

Here Q = P*A%/(mp, Q7).
Then the axial velocity of the purely axial flow is

V., = Qra{Blef +BzE,»[A2<1 —Aiﬂ +B; ln<1 —Ai) +B4} (3.9)

The stream function with £ is expressed as

_ 27pyt,
0

Ale
W J e w(z)dé (3.10)
3

Substituting (3.8) into (3.10), the stream function is obtained as follows

2 1
h==g" {53 (e — e

+ Bole M Ei(2A2 — 2A%) — e AP E(A? — A%e) — e M E(2A% — 28)

+ e B - )+ B[V E(A? — A%e) — eV E(A? - 8

— e In(1l —e) + e‘ﬁn(l — A§2>] + By(e ™t - e_Azs)} (3.11)

The flow pattern efficiency, which is related to the distribution of the mass
flux pV, along the radius and evaluates the effect of the distribution of the
mass flux on the separation power, is defined as

) 2

(2J;7 wrar)
P rydr
where r, corresponds to the radius when & = A’gie., r, = /1 — er, Substi-
tuting (3.11) into (3.12), the analytical solution of the flow pattern efficiency

can be obtained. The solution expression is more complicated. The solution
has greater application range than Von Halle (7).

v (3.12)
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16.0
12.0

8.0

Vv, (m/s)

4.0

40 L f

Figure 1. Profile of the axial velocity in total reflux case.

RESULTS AND DISCUSSION

The overall separation factor for the unit molar weight mass difference, 7, is
an important characteristic separation parameter and depends on many par-
ameters. Note that from Eq. (2.7) vy, is a function of Er, whereas Er is
related to the temperature gradient on the wall. In this paper, the value of
Yo is obtained by optimization of the temperature gradient on the wall in all
cases of calculations. In our calculation one parameter is changed and all
the other parameters are unchanged. The feed concentration has little
influence on 7y, (3), so the feed concentration is supposed as a fixed value.

In the separation theory, the dimensionless speed parameter A” is defined
by A= M(Q r,)? /(2RTy). The parameter A? plays a very important role in the
separation performance in a gas centrifuge. From the definition of A% the prin-
cipally influential parameters on A” are the gas molecular weight M and the
linear speed Qr,. In this paper, we consider that the change of A? resulted
only from changes in the molecular weight M.

The value of the temperature gradient on the wall in the flow field calcu-
lations is optimized in a total reflux case (F = 0). The temperature gradient is

Figure 2. Profile of the axial velocity in total reflux case.
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0.0
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-0.10

-0.15 &

Figure 3. Profile of the axial mass flux in total reflux case.

taken as 0.5 K/m in a withdrawal case (F # 0). It is convenient to convert the
radial coordinate by & = £/A” in the following figures. The following
parameters are fixed for all calculations: Length-diameter ratio zz/r, = 30.
The axial location of the feed point is the axial length ratio zp/zy = 0.5.
The linear speed V= Qr,=500m/s. The average temperature of gas
T, = 300K. The gas viscosity o= 1.746 x 10 °kg/m/s. The cut 6=
0.45. The pressure of the process gas at the rotor wall p,, = 20 mmHg. The
feed rate of the process gas F =80g/h. The product pDy=2.297x
10 kg/m/s.

The results of calculation are shown in Figs. 1 through 10. The distri-
butions of the axial velocity, the axial mass flow and the axial flow pattern effi-
ciency for different the values of A” in a total reflux case are shown in Figs.
1 to 5. The curves show that the profiles are different for different values of
A% In Fig. 1, it seems that the boundary condition w/dE=0 is not
satisfied at the axis. But the original physical boundary condition dw/dr = 0
at the axis, since ow/dr = —2A? row/dé = 0 at r = 0 because, clearly, aw/

o o
o o
o -
—T
-
7/
o I
u
L
1
- 1
1
L >
~
i
N
L o

o
S
o
[N
o
~
o
(2]
o
o
N
o

PV, (ka/m?/s)

=)
o
=
o J_
oy,

-0.02

-0.03

-0.04 L

Figure 4. Profile of the axial mass flux in total reflux case.
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0.2 —o—,

ool t vt 0y
0 5 10 15 20 25 30 35 40 45

2

A

Figure 5. Profile of the flow pattern efficiency in total reflux case.

o¢ is finite according to Fig. 1. Figure 3 shows that even in a higher linear
speed centrifuge, the mass flux of the process gas with smaller A is not
mainly in the thin layer approaching the wall of the rotor. Figures 2 and 4
show that the distribution tendency of larger values of A% agrees with Von
Halle (7). The curves in Fig. 5 are the profiles of the flow pattern efficiency
with A? varying in a total reflux case. The flow pattern efficiency reaches its
maximum value when A? is between 5 and 6. The tendency of the flow
pattern efficiency with varied A® found in this study agrees with the result
of the thin layer approximation reported by Von Halle (1 — £/A*~ 1,
Er= 7.2/A2) (7) when the value of A% exceeds 7.2. Figures 1 through 4
show that the zero location point, where the axial velocity changes
direction, moves to the wall of the rotor with the variation of A%. A calculation
for a withdrawal case was also performed. The curves of the axial velocity, the

1.24 —
1.20 —/
o L
1.16
- \I
\.
112 | ~a
1.08 PR 1 L 1 L | L | I R
0 5 10 15 20 25 30
A2

Figure 6. Dependence of y, on A>.
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1.16 |- \\
i \'\_
\-
112 1 1 ! 1 1 | 1 1 1 | 1 |
0O 20 40 60 80 100 120
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Figure 7. Dependence of y, on F.

mass flux and the flow pattern efficiency in the withdrawal case were all
similar to a total reflux case. This is not surprising, as the flow model takes
into account the thermal counter-current only.

Figures 6 through 10 show the dependence of 7, on the speed parameter
A% (A% = 15 in Figs. 7 through 10, the feed flow rate F, the product pD (the
value of pD is scaled by pD, which is a suppositional one in calculation),
the wall pressure p,,, and the cut 6. As mentioned above, the value of AZis
changed only when the molecular weight M is changed. In Figure 6, vy,
reaches its maximum when A? is between 5 and 6. The reason is that the
flow pattern efficiency has a maximum at A> = 5-6 (see Fig. 5). Figures 7
and 8 show that -y, decreases with the feed rate F and increases with the
product pD. The curves of vy, vs. p,, for different F' are shown in Fig. 9. The
Yo has its maximum with p,, and its extremum diminishes with the feed rate
F. The dependence of vy, on 6 in Fig. 10 shows that vy, changes a little with
the minimum at 6 &~ 0.5. The dependence of 7, on the speed parameter A%,

1.60
1.50
1.40

%

1.30
1.20
1.10

\

1.00 P I T R S |
2 4 6 8 10

pD/pDy (pD(=2.297x10° kg/mis)

o

Figure 8. Dependence of y, on pD.
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- .A/v/

11 //,4;5,,/"
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1.0 [ L

0 5 10 15 20 25 30 35 40 45
Py (MmHg)

Figure 9. Dependence of y, on P”.

the feed flow rate F, the product pD and the cut 6 agrees well with the results
reported by Wood et al. (3).

CONCLUSIONS

The analytical solution of the purely axial flow field and the overall separation
factor, vy, for a binary isotope mixture in a gas centrifuge were solved in
this paper. From the previous discussion we can obtain the following
conclusions:

A) An analytical solution of the purely axial flow in a gas centrifuge was
derived and solved by reducing the linearized motion equations of a gas
centrifuge. The solution was applied to an arbitrary value of A%

B) The calculation examples illustrate that the mass flux of the smaller A>
does not exist mainly in the thin layer near the rotor wall but also at the
axis even in a high-rotation-speed centrifuge. A% can be small when the

1.20

Figure 10. Dependence of y, on 6.
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&)

D)

process gas is light. The flow pattern efficiency reaches its maximum when
A% is 5-6.

The expression of vy, for a binary isotope mixture is obtained by solving
the unit molar weight mass difference non-linear diffusion equation.
There is no limit to the range of concentration value. The expression of
Yo 1s suitable for arbitrary concentration.

From the example, the speed parameter A2, the product pD, the molecular
weight of process gas M, the pressure of the wall p,, and the feed rate F
have great influence on the value of 7, 7y, changed a little with a
minimum at 6~ 0.5. The separation factor 7y, reaches its maximum
when the speed parameter A” is 5—6.
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